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Problem Statement

Let Ks be the integral operator acting on L2(−s, s) with confluent
hypergeometric kernel:

Ks(u, v) =
1

2π

Γ(1 − β + α)Γ(1 + β + α)
Γ(1 + 2α)Γ(2 + 2α)

A(u)B(v) − A(v)B(u)
u − v

,

A(x) = 2e−πiβsgn(x)/2x|2x|αe−ixφ[(�)]8-78oxx23 10.909 Tf 157.696 0 Td[(L)]TJ/F21 759.4443 10.909 Tf 4.242 0 Td[(u,)-167(v)]TJ/F15 1 d8 Tf 5.079 4.505 Td[(�)]TJ/F24 7.97 Tf 6.5873.5475013
)B (







Problem Statement Statement of results Methods References

Theorem1

Theorem (1)

The asymptotics for the Fredholm determinant Ps = det(I − Ks) on
(−s, s) as s → ∞ are given by the formula

ln Ps = −s2
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Two usual types of endpoints

the density of eigenvalues vanishes as a square root (”soft edge” of
the spectrum, e.g., GUE endpoints of semicircle). In the scaling limit
at the endpoint one obtains the Airy kernel:

KAiry(x, y) =
Ai (x)Ai ′(y) − Ai (y)Ai ′(x)

x − y
, on (−s, ∞)

Asymptotics of the Tracy-Widom distribution:

ln det(I − KAiry) = − s3

12
− 1

8
ln s + κ + O(s−3/2), s → +∞,

κ =
1
24

ln 2 + ζ ′(−1),

(Tracy, Widom (1994), Deift, Its, Krasovsky (2008), Baik, Bucking-
ham, DiFranco (2008))
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Theorem2

the density of eigenvalues diverges as a square root (”hard edge” of
the spectrum, e.g. the Laguerre ensemble at 0 or Jacobi ensemble at
the edgepoints). In the scaling limit at the endpoint one obtains the
Bessel kernel:

KBes(x, y) =
√

xJa+1(
√

x)Ja(
√

y) − √
yJa(

√
x)Ja+1(

√
y)

2(x − y)
, (a > −1),

on (0, s). (Tracy, Widom (1994))

Theorem (2)

The large s asymptotics of Ps = det(I − KBes) are given by

ln det(I − KBes) = −s

4
+ a

√
s − a2

4
ln s + c1 + O

(
1√
s

)
,

where

c1 = ln
G(1 + a)
(2π)a/2

.
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sketch of the proof for the Th.1

The main idea is to use a double-scaling limit of a Toeplitz determinant
to obtain asymptotics of the Fredholm determinant Ps. The Toeplitz
determinant with symbol f is given by the expression:

Dn(f) = det
(

1
2π

∫ 2π

0

e−i(j−k)θf(θ)dθ

)n−1

j,k=0

.

Let

fϕ(θ) =

{
f(z) = |z − 1|2αzβe−iπβ , z = eiθ, ϕ < θ < 2π − ϕ,

0, otherwise,

Then

Ps = lim
n→∞

Dn

(
f 2s

n

)
Dn(f)

.

Here the denominator is known (the Toeplitz determinant with a Fisher-
Hartwig singularity, Böttcher, Silbermann):

Dn(f) = nα2−β2 G(1 + α + β)G(1 + α − β)
G(1 + 2α)

(1 + o(1)), n → ∞.
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sketch of the proof for the Th.1

A classical representation of a Toeplitz determinant:

Dn(fϕ) =
n−1∏
k=0

κ−2
k ,

Here pk(z) = κkzk + ... are polynomials, orthonormal on the unit circle
w.r.t. fϕ(θ).

d

dϕ
ln Dn(fϕ) = in terms of pn−1(e±iϕ), pn(e±iϕ).

We find the asymptotics of pn(z) by solving the associated Riemann-
Hilbert problem (RHP).

d

dϕ
ln Dn(fϕ) = −1

2
n2 tan

ϕ

2
− n

2

(
2α tan

ϕ

2
− 2α

cos ϕ
2

)
− 1

8
cos ϕ/2
sin ϕ/2

+
β2 cos ϕ/2
2 sin ϕ/2

− α2

(
tan

ϕ

2
− 1

cos ϕ/2
+

cos ϕ/2
2 sin ϕ/2

)
+ O

(
1

n sin2(ϕ/2)

)
,

where the remainder term is uniform for 2s/n ≤ ϕ ≤ π − ε, ε > 0.
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sketch of the proof for the Th.1

Dn(fϕ)−? as ϕ → π from below.

Dn(fϕ) =
1

(2π)nn!

2π−ϕ∫
ϕ

. . .

2π−ϕ∫
ϕ

∏
1≤j<k≤n

|eiθj − eiθk |2
n∏

j=1

f(eiθj )dθj .

After a change of variables we obtain:

Dn(fϕ) =
εn2

22αn

(2π)n

(
An + O(ε2)

)
, ϕ = π − ε, ε → 0,

where

An =
1
n!

1∫
−1

. . .

1∫
−1

∏
1≤i<j≤n

(zi − zj)2
n∏

j=1

dzj − Selberg integral

The asymptot.90i1(s)]T25(of)-3J/F23 9.963 Tf 8.8199 0 Td[(�]TJ/F10 6.974 Tf 7.472 -1.495 Td[(n)]TJ/F1 96.963 Tf 7.63759.494 Td[(�)]TJ/F23 9.963 Tf 11.84 02 Td[(n)]TJ/F26 9.963 Tf 6.848 11Td[(!)]T78(=)]TJ/F16 9.963 Tf 9.2428 0 Td[(’)a8(w.r(e)-225(askn28(w.)nT25(of50)]W1(s)id(om)-331051)]T1(.)-408h)1en,T2546)1(o)29(w.r(J/F23 9.963 Tf 12.707 19 Td[(’)]TJ/F1 95.963 Tf 9.285 4 Td[(=)]TJ/F23 9.963 Tf 10.516 7 Td[(�)]TJ/F26 9.963 Tf 8.0368 Td[(�)]TJ/F23 9.963 Tf 9.7.793 Td[(”)]TJ/F7 95.963 Tf 9.-30197 163.963 -9[(”)lnTJ/F23 9.963 Tf 9.963 0 Td[(z)]TJ/F10 6.974 Tf 8.248 -1.494 Td[(n)]TJ/F15 9.963 Tf 5.423 1.494 Td[(()]TJ/F23 9.963 Tf 3.875 0 Td[(f)]TJ/F10 6.974 Tf 4.877 -1.494 Td[(’)]TJ/F15 9.963 Tf 5.738 1.494 Td[())-278(=)]TJ 323 9.963 Tf 10.799 8 Td[(n)]TJ/F266.974 Tf 3.98 0 113 Td[(2)]TJ/F15 9.963 Tf 4.47 -4.113 Td[())0lnTJ/F23 9.963 Tf 9.1337 22Td[(”)]TJ/F7  9.963 Tf 5.53243 Td[(�)]TJ/F15 9.963 Tf 7.34 T22Td[(”)lnT66(:)251)-2760)]T760
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sketch of the proof for the Th.1

Dn(fϕ)−? as ϕ → π from below.

Dn(fϕ) =
1

(2π)nn!

2π−ϕ∫
ϕ

. . .

2π−ϕ∫
ϕ

∏
1≤j<k≤n

|eiθj − eiθk |2
n∏

j=1

f(eiθj )dθj .

After a change of variables we obtain:

Dn(fϕ) =
εn2

22αn

(2π)n

(
An + O(ε2)

)
, ϕ = π − ε, ε → 0,

where

An =
1
n!

1∫
−1

. . .

1∫
−1

∏
1≤i<j≤n

(zi − zj)2
n∏

j=1

dzj − Selberg integral

The asymptotics of An as n → ∞ are known (Widom). Then, for ϕ = π−ε

ln Dn(fϕ) = n2(ln ε−ln 2)+2αn ln 2− 1
4

ln n+
1
12

ln 2+3ζ ′(−1)+On(ε),

where On(ε) → 0, as ε → 0.
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sketch of the proof for the Th.2

Bessel kernel can be obtained as a scaling limit at the endpoint for the
polynomials orthogonal on the interval [−1, 1] that are related to the poly-
nomials orthogonal on the unit circle with Fisher-Hartwig weight for β = 0.
Consider the Hankel determinant with symbol ω(x):

DH
n (ω) = det

 1∫
−1

xj+kω(x)dx

n−1

j,k=0

.

The Fredholm determinant P Bes
s = det(I − KBes

s ):

P Bes
s = lim

n→∞

DH
n (ω 2s

n
)

DH
n (ω)

, ωϕ(x) =
fϕ(eiθ)
| sin(θ)|

, x = cos θ.

Connection formula between Toeplitz and Hankel determinants:(
DH

n (ω)
)2

=
π2n

22(n−1)2

(κ2n + p2n(0))2

p2n(1)p2n(−1)
D2n(f(z)), (Deift, Its, Krasovsky)

here pn are polynomials orthonormal on the unit circle with the weight

f(z).



Problem StatementStatement of resultsMethodsReferencessketch of the proof for the Th.2

polynomials orthogonal on the interval
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sketch of the proof for the Th.2
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